SMOOTHINGS OF CYCLIC QUOTIENT SINGULARITIES FROM 
A TOPOLOGICAL POINT OF VIEW 
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Abstract. For a smoothing Xs of a 2-dimensional cyclic quotient singularity 
Xq = C'^/r(n, q), we construct a simple handle decomposition of Xg by using 

a particular birational map Xs > P2C. The manifold Xs is built up from the 

product of an annulus with a disk by attaching 2— handles in a manner which 
can be described by means of a plumbing graph. 



1. Introduction 

The deformation theory of 2-dimcnsional cychc quotient singularities was greatly 
clarified by results of KoUar and Shephcrd-Barron. Their more general results 



(of. I KS I ) implied that the reduced components of the base space of a semiuniversal 
deformation of a cyclic quotient singularity X are smooth, and that there is a 
bijective correspondence to certain modifications of the singularity X — the so 
called P-resolutions. 



The work of J. Christophersen |Ch| and of J. Stevens pm gave a complete enu- 



meration of these P-resolutions. li X = C^/r(n, g), where T{n,q) is generated 
ize 

ued fraction 



by ( ^ J , C = exp(27ri/n), with {n,q) — 1, then the P-resolutions of X are 
parametrized by the following combinatorial objects. We expand as a contin- 



[ai, . . . , Os] = ai , a, > 2. 

02 



A sequence fci , • ■ • ,ks is called a chain representing zero (Christophersen) , if 
all ki are positive and the computation of the corresponding continued fraction 
[fci, . . . ,ks] yields without ever dividing by zero. With these notions, the result 
of Stevens and Christophersen can be stated as follows: The P-resolutions oi X = 
X(n, q) are parametrized by chains k — (fci, • • • , fc^) representing zero which have 
the additional property k < a, i.e. ki < ai for i ~ \, . . . , s. 

This result gives a nice description of the smoothing components in the base 
space but it says almost nothing about the topology of the Milnor fibre for each 
such component. Our main result produces an explicit construction for the Milnor 
fibre in which also chains representing zero occur. 

Consider a l~parameter smoothing X — > S of the cyclic quotient singularity 
Xq — C'^/r(n, q) such that each fibre Xs can be compactified. A particular pair 
of canonical coordinates of Xq C gives a birational map ijjs : Xg ^ P2C We 
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show that the complement of Cg — the curve where ipa degenerates — has a simple 
topological structure for s ^ Q: It is homeomorphic to the product of an annulus 
with a disk. The manifold Xs itself is obtained from it by attaching 2-handles 
corresponding to the components of Cs ■ The manner these 2-handles are attached 
is determined by a chain representing zero. To be more precise: 

Theorem. For s 7^ 0, there exists a regular neighborhood of the curve Xs \ Xg at 
infinity such that the following holds: 

Let V := Xs \ N and B a regular neighbourhood in V ofCsHV. Then A :— V \ B 
is diffeomorphic to the product of an annulus with a disk and B is a disjoint union 
of 2-handles. 

Furthermore, M := An dV is an oriented Waldhausen manifold with r framed 
boundary components an d th ere exists a chain fci, . . . ,ks representing zero such that 
the plumbing graph (cf. |Ne|j of M is as follows: 





We have — \ai, 

71 — a L -LI 



s], > 2 and r = "h)- 



This description of Xs gives indeed a description of the Milnor fibre of the 
smoothing due to a result of J. Wahl (cf. | Wa], Thm. 2.2): Since is quasihomo- 
geneous and the smoothing can be globalized, the affinc fibre Xs is diffeomorphic 
to the interior of the Milnor fibre of the smoothing X ^ S* if s is sufficiently small. 

As corollary of the above theorem, we can construct the homotopy type of Xs 
as a CW-complex whose 1-skeleton is just a single S^. 

This paper has two parts: In the next section, we establish the decomposition of 
Xs into A and B and in the third section the plumbing graph for M is computed. 
Acknowledgement — I thank J. Christophersen, E. Brieskorn and O. A. Laudal for 
stimulating discussions and helpful suggestions. 



2. Construction of the Decomposition 



Let Xq = CVr(n,g), with 
Tin.q) = 



C = exp(27ri/n). 



It is well known (cf. |Q) that Xq can be embedded in where the coordinates 
Zi are given by the invariants Zk ~ x^''y^'' of T{n,q). The numbers ik,jk can be 
computed with the help of the continued fraction [ai, . . . , a^_2] — i-S- we have 



a = [ai, . . . ,ae-2] = ai - 



02 



a, > 2. 



ae-2 



as follows. We have (ii, ji) — {n, 0) and the other exponents are recursively defined: 

(«fe-i,ife-i) + (ik+ijk+i) = ak-iiik,jk)- 
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The projection onto the {zi, 2;2)~pla'ne is a birational map from the projective 
closure Xq onto the projective plane P2C which is regular on Xq. This follows from 
the fact that we have the equations 

ZiZj ^p^j{zi+i, . . . i < j -1 

with suitable polynomials pij , since by an inductive argument one sees immediately 
that the functions Z3, . . . , Ze are rational functions in 21, 22- 

Let us consider a 1-parameter smoothing X — > S with S the unit-disk in C. 
The fibre above s G 5 will be denoted by Xs- Hence Xo — C'^/T{n,q) and Xs is 



smooth for s ^ 0. The results of Arndt (cf. |Ai, |St|) imply that the fibres can 
be compactified and that we may assume that we have in particular the following 
equations for X: 

(1) ZiZj ^ Pij{s,Zi+i,... ,Zj_i), i<j-l 

with a suitable polynomial Pij with Pij{0, •) = Pij{-)- Therefore the projection 
ips ■ Xs — > P2C onto the (zi, Z2)-plane is a birational map which is regular on Xs- 
For a regular neighbourhood N of the curve at infinity Xs \ Xs let 



V:^Xs\ N. 

Furthermore let Cs denote the curve where ips degenerates. For a suitable choice 
of V and a suitable choice of a regular neighbourhood _B of n ^ we will show: 
The components of B are 2-handles, i.e. diffeomorphic to x D^, with the 
closed unit-disk in C, and A := V\B is a. union of a 0-handlc with a 1-handle, 
i.e. diffeomorphic to i? x with R an annulus. 

This simple handle decomposition is the reason why we have chosen this partic- 
ular birational map from Xq onto and not a generic one. 

In this section we prove the existence of the above handle decomposition. In 
the next one, we investigate more precisely how the 2-handles are attached to the 
4-manifold A. 

Since ips is birational, the image of Cs consists of finitely many points pi,i = 
1, . . . , TO. The functions Zk considered as rational functions in zi, Z2 have poles only 
for zi = 0. Hence we have pi — (0, ti) e C^, where we denote the coordinates of 
by -2;i,2;2- 

The functions zi, Ze play a particular role, due to the following lemma: 
Lemma 1. The projection Xs — > P2C to the (zi, Ze)-plane is a ramified covering. 



Proof. The statement is easy to see for Xq. Since Xs is a deformation of Xq it also 
holds for Xs. □ 

In the sequel, we always assume s ^ and hence Xg smooth. By a suitable 
sequence of blowing ups in the points pi, we can eliminate the points of indeter- 
minacy of ip~^. We choose a minimal such sequence and obtain a modification 
TT : Xs — > P2C together with a map (p : Xs — > Xs. Since tt is minimal and Xs is 
smooth, the restriction of (p onto the preimage of Xg is biholomorphic. 

In order to define regular neighbourhoods of curves, we use the concept of a rug 
function, defined by Durfee ( |Drj ]): Let M be a semialgebraic set in K" and X C M 
a compact proper semialgebraic subset of M. A rug function for in M is a proper 
semialgebraic function a : M — > R>o with a^^(O) = X. Durfee has shown that 
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for £ sufficiently small the neighbourhood a ^{[0,e]) of X is unique up to isotopy 
and independent from the particualr choice of a rug function. 

On Xg^ we consider several semialgebraic functions. First, define 



77 : Xs — > M>o,P 1 



\zi{p)\<l 



Then define po(p) min(77(p), By construction, po is a rug-function for 

the compact curve 

I?o = 7r-i(P2C\C2)Ul^(zi). 

(Here, as usual, V{f) denots the zero-locus of a function.) Therefore the results of 
Durfee imply that 

No :=p-i([0,eo]) 

is a regular neighbourhood of Dq if Sq is sufficiently small. 
On the other hand, we consider the compact curve 

:^X,\^-\X,)CDo. 

Due to Lemma ^ a regular neighbourhood N of I? 00 can be obtained by the rug 
function 

~ 11 
p: Xs > M>o,P ^ min(r — - — ---). 

\zi{p)\ \ze{p)\ 

For sufficently small e > 0, the set 

N:=p-\[0,e]) 

is a regular neighbourhood of Doo- Since Xs is a deformation of Xq and by the 
uniqucnes of a regular neighbourhood, we have proven 



Lemma 2. If Nq is a regular neighbourhood of Dq then Xg \ is difjeomorphic 
to Rx 1)2. 

If N' is a regular neighbourhood of Doo then ON' is diffeomorphic to the link of 
the singularity Xq, i.e. diffeomorphic to the lens space L{n,q). 

Let E be the union of all components of Dq which are not components of -Doo, 
and let B be a regular neighbourhood of E. Using the above lemma we replace 
N by an equivalent regular neighbourhood as follows. Define the semialgebraic 
function a on Xg by 



a{p) = 



poip), iipiB 
max(po(p), l/|2e(p)|), lipeB 



and redefine N :— a ^([0,£]) for a sufficiently small e > 0. Furthermore, we may 
assume that S \ TV = p(7\[0,£]) \ TV. Then iV US is a regular neighbourhood of 
Dq. We define 



V 
B 
A 



= ^{XsMNUB)) 

= vnB. 



V\B 

With these definitions, we want to show 
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Figure 1 . Neighbourhood of a component of E 



Lemma 3. The A-manifold V is built up from A, which is dijfeomorphic to Rx , 
by attaching 2-handles. 

The 3-manifold M := dM \ B is a Waldhausen manifold. 

Proof. By the above lemma, A is diffeomorphic to RxD^. Since ^\^-i(Xs) is biholo- 
morphic, each component of E has a nontrivial intersection with Dqo. Therefore it 
suffices to show that for each component F oi E the intersection F n Dqo consists 
of a single point. 

Let Bp be the component of B which contains F. Let K F\ {N n F) and 
U := Bp \ {N n Bp). Hence, [/ is a regular neighbourhood of K, in particular the 
fibration k : U \ K — *-]0,e] is trivialisable. Due to our assumptions on B, this 
implies that the map zi defines on [/ \ if a locally trivial fibration. Therefore it is 
sufficient to show that a fibre of this fibration has only one boundary component. 
For this, consider the affine line ic = {{zi,Z2) G zi = c} with |c| < e. For 
c 7^ 0, the function z^ is holomorphic on ic- Since K is connected, H C/ is also 
connected. If the boundary oi icCiU had more than one component then we had 
a compact set in £c such that \z^\ would assume a maximum in the interior of this 
compact set. But Zg is not constant on £c, therefore ic^^U has only one boundary 
component. This implies that dK~^{e) has only one component, too. 

We have seen that M is a particular part of a regular neighbourhood of the curve 
Doo- By constructing such a regular neighbourhood via plumbing it follows that 
M can be decomposed into pieces which are S'^-bundles over compact topological 
surfaces with boundary. Hence AI is a Waldhausen manifold. □ 

3. Plumbing graph of M 

We want to describe the manifold M together with a natural framing of its 
boundary components by means of a plumbing graph as introduced by W. Neu- 
mann. Let us shortly recall the basic properties of plumbing graphs (for details 



cf. 

An oriented Waldhausen manifold is given by an oriented 3-manifold M , a dis- 
joint union T of embedded tori and on the closure of each component of A/ \ T 
the structure of an S'^-bundle over a compact surface. In particular, each bound- 
ary component is a torus. A framing r for M is a homeomorphism defined on the 
boundary such that for a component T of dM the restriction t\t maps T onto 

X such that the projection on the second factor coincides with the ^^-bundle 
structure on T. Up to isotopy a framing is fixed by giving the homology classes 
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m := [(r-i)*({l} x S^)] e Hi{T) and / := [{t-^)4S^ X {1})]. Here, / is a fibre 
of the 5^-fibration of T and m is a section. Moreover {f,ni) is an basis of Hi{T) 
which gives the induced orientation on T. 

When a framing r is given, the manifold Mq, the canonical closure of M, can 
be obtained from M by gluing solid tori to the boundary components according to 
the framing. The section m of a boundary component then becomes a meridian of 
the solid torus and the fibre / a longitude. 

For our discussion it is sufficient to consider only such oriented Waldhausen 
manifolds whose 5^-bundles are bundles over with a finite number of disjoint 
disks removed. For such Waldhausen manifolds the plumbing graph gives a good 
graphical representation of the topological structure. 

If M is the manifold x F with F of genus with r boundary components 
Ci, . . . ,Cr together with a framing r, then the plumbing graph r(M, r) looks as 
follows: 



r 




e 



The arrows correspond to the boundary components Ti = S x Ci and we keep 
a bijection between the arrows and these boundary components fixed. The weight 
e of the vertex is the Euler number of the S'-'^-bundle Mq over S"^. 

Let Ml , M2 be oriented framed Waldhausen manifolds with plumbing graph 
r(Mi) and T{M2) and assume two boundary components Tj of M, given. (The 
case Ml = M2 is possible. In this case we must have Ti ^ T2.) We can form a 
new oriented framed Waldhausen manifold M by gluing together Mi and M2 by 
identifying Ti with T2 in such a way that the fibre of Ti becomes the section of 
T2 and vice versa. A plumbing graph for M is obtained by removing the arrows 
corresponding to Ti and T2 and joining the vertices incident with these arrows by 
an edge. 

If r is a plumbing graph for the framed oriented Waldhausen manifold M , let 
Fq be the graph which is constructed from F by removing all arrows. The resulting 
graph Fq is a plumbing graph for the canoncial closure Mq. 

There arc several operations on the framed Waldhausen structure which do not 
change the framing or the underlying manifold but only the decomposition of M 
into S^-bundles. W. Neuman has given a complete list of such operations and 
unique normal forms for plumbing graphs in a more general setting than is needed 
here. For our purpose the following two operations and their inverse operations are 
of particalur importance: 

• • • ► • • 

a ±1 b a=Fl b=fl 

• • • 

a ±1 a =f1 

For obvious reasons this kind of modification is called "blowing down" and its 
inverse "blowing up". This picture has to be understood as follows. It shows the 
part of the plumbing graph which is modified. All edges incident with the vertex 
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with weight ±1 are shown, in particular there is no arrow incident with this vertex. 
The other vertices may be incident with other edges or arrows which are not shown 
in the picture. 

For a plumbing graph F let — F be the graph which is obtained by multiplying 
each weight of a vertex by —1. If F has no cycles and is a plumbing graph for the 
oriented Waldhausen manifold M then — F is a plumbing graph for the manifold 
—M with reversed orientation. The framing of —M is induced by the framing of M 
by replacing for each boundary component T the basis (/, m) of Hi{T) by (— /, m) 
or (/, —m). After having made a choice for one boundary there is no choice for the 
other components if F is connected. 

The results of Neumann and the well known resolution of cyclic quotient singu- 
larities implies the following statement. 

Lemma 4. For the lens space L(n,q) there exists up to isomoprphism exactly one 
plumbing graph whose weights are all > 2, namely 



fll 02 (Ik 

The numbers ai, . . . , are determined by the formula [ai, . . . , Ofe] = 

Proof. First, one easily checks that —L(n, q) is oriented diffeomorphic to L{n, n — q). 
The well known resolution of C^/F(n,n — q) is a chain of rational curves with 
selfintersections — ai, . . . , —a^ where = [ai, . . . , a/;]. By applying the above 
remark about — F, we obtain a plumbing graph as desired. The uniqueness follows 
from the results in |Nc[| . □ 

Let us now construct a plumbing graph for the 3-manifold M defined in the 
previous section. We have obtained Xg by successive blowing ups in the points pi = 
(0, ti), i = 1, . . . , m. Let Ei be the preimage of pi with respect to this modification. 
Choose £ in the definition of N and 5 > Q small enough such that 

■.= {p^Xs\ \z2{p)-t,\ <d,peNUB} 

are disjoint regular neighbourhoods of the curves Ei. In particular, the boundary 
dHi of Hi is homeomorphic to S^. Let 













MnV^, 


Mo 


m 

M\[jM, 

i=l 



Since M is built up from the pieces Mj, = 0, . . . , m, we first describe plumbing 
graphs for the manifolds Mi with i > 0. 

Mi has several boundary components. One component is the intersection of Mi 
with Mq which we call the outer boundary component of Mi. All other boundary 
components of Mi are called inner boundary components. 

Let T be an inner boundary component of Mi, Bt the component of Ui which 
contains T and ct the component of E which is contained in Bt. The torus T 
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bounds two solid tori: On the one hand S+{T) the closure of Bt n dHi and on the 
other hand Sx{T) the closure of Bt H Hi° . 




Figure 2. Neighbourhood of ct 

We first observe: 
Lemma 5. The curve ex has selfintersection —1. 

Proof. Choose /i minimal such that Zi is constant on ex for each i < fJ-. Obviously, 
we have > 2, and according to Lemma |^ we have /x < e. The form of the equa- 
tions (|^) for Xs imply that the projection onto the (2;^, z^+i)-plane is birational. 
Henceforth, the restriction of 2^+1 to ct yields an isomorphism onto the projective 
line. 

In the first blow up which produces ey, the functions and z^x+i therefore give 
coordinates in a neighbourhood of e-p. For that reason, there exists no point of 
indeterminacy of ip^^ on er and no further blowing up occurs in points of ej^. This 
proves: bt • ct = — 1- □ 

We have two cases: There exists a compact component e_ of Doo which intersects 
ct or ct intersects the strict transform of the curve V{zi) in X^. 

Let us assume the first case. A meridian of Sx{T) is a local section of the 
normal bundle over e_. Due to Lemma ^, the curve er can be blown down. After 
blowing down, a meridian of S+(T) becomes a local section in the normal bundle 
of e_. Together with a fibre of the bundle over e_, we thus have two framings r-)_ 
respectively tx of T which differ by a fibre of the bundle. 

In Bt, there exists exactly one compact component of Doc which intersects 
the strict transform of V{zi). The normal bundle of has this strict transform as 
fibre. The outer component of Mi can thus be framed in such a way that the 
inverse fibre of Mq is a section of T^. 

By describing Mi as part of the boundary of a regular neighbourhood of the 
compact curve Ei, we obtain in the first case a plumbing graph 
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The arrow corresponds to T^. Since Mi as part of the boundary of V is oriented 
opposite to the orientation as part of the boundary of Hi , the weights of the vertices 
of Ti are ah positive numbers. For each vertex the sum of the weights and the 
number of arrows incident with this vertex is > 2 since the resolution tt is minimal. 

Let T'i be the graph obtained from Ti be removing all arrows with the exception 
of the distinguished arrow corresponding to T° and by adding 1 for each removed 
arrow to the weight of the incident vertex. Then the graph 



is a plumbing graph for the manifold dV H Hi . 

Let us now consider the second case: There exists no compact component of 
Ei n Dooi i-e. one blowing up is sufficient for eliminating the indeterminacy of 
in Pi . Hence Ei consists of one single component e with self intersection — 1 . The 
manifold Mi has exactly one inner boundary component, which is parallel to the 
outer component. Our arguments in the first case were local in nature, hence we 
can make analogous consideration if we take as e_ the strict transform of V{zi). 
We therefore obtain framings r+ and tx on T which have as fibre the inverse fibre 
of Mo, and the difference of the respective sections is the inverse fibre of Mq. 

Summarizing these constructions, we obtain a plumbing graph T of M as follows 
(possibly after a reindexing of the Mi): 



The graph Fq which we obtain from F by deleting all arrows is then a plumbing 
graph for —dN and therefore a plumbing graph for the boundary of i? x D^, i.e. a 
trivial bundle over 5*^. By succesive blowing down 1-vertices we obtain from Fo 
the graph 




Therefore, we have y < x and y = i. On the other hand, the graph in Figure ^ 
is a plumbing graph for dV, i.e. for a lens space L{n,q). Since all vertices with 




m — 
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the possible exception of the distinguished vertex have weights > 2, we must have 
I <2. After possibly blowing down 1-vertices in the case x + m — I — \ — which 
is only possible for x = y and to = 1 — we obtain a graph V for M as in Fugure 0. 



X + m — I 




Figure 3. 



/l /2 fs 




Figure 4. 

This graph has the following properties: We have ki + fi > 2 for i = 1, . . . ,s. The 
graph To can be blown down to a single vertex with weight 0. The graph F' which 
we obtain by removing all arrows and replacing the weight ki by ki+fi is a plumbing 
graph for the lens space L{n,q). Therefore we must have [ai, ... , Og] — -^^^ with 
o,i = ki + fi, hence in particular s = e — 2. Since Fq can be blown down to a single 
vertex with weight 0, the sequence fci, . . . , fce-2 is a chain representing zero. 

Hence we can summarize our result in the following theorem: 

Theorem 1. Let X — > S be a 1-parameter smoothing of the cyclic quotient singu- 
larity Xq = C^/r(n, q) such that each fibre Xs can be compactified. Let s (£ S\ {0}. 
For a suitable choice of a birational regular map "ijjg '■ X^ — > P2C and a regular 
neighbourhood N of the curve at infinity Xg \ Xs the following holds. 

Let V := Xt \ N and B a regular neighbourhood in V of Cg, the curve where tps 
degenerates. Then A :— V \ B is diffeomorphic to the product of an annulus with 
a disk and B is a disjoint union of 2~handles. 

Furthermore, M :— A H dV is an oriented framed Waldhausen manifold with r 
boundary components whose plumbing graph is as follows: 



oi — ki a-2 — k2 a,5 — k^ 
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The sequence ki,. .. , k^-i is a chain representing zero and r = Y^^^i (tii — ki). 

With the notation above, we obtain immediately the following description of the 
homotopy type of V: 

Corollary 2. The A-manifold V is homotopy equivalent to a CW-complex with 
1-skeleton homeomorphic to and r cells of dimension 2. 

In particular, the second Betti number ofV is b2{V) = r—1 and the fundamental 
group of V is a finite cyclic group. 
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